This paper began as an attempt to understand the Euclidean lattices that were recently constructed (using the theory of elliptic curves) by Elkies [E] and Shioda [Sh I, Sh2] , from the point of view of group representations. The main idea appears in a note of Thompson [Th2]: if one makes strong irreducibility hypotheses on a rational representation V of a finite group G, then the G-stable Euclidean lattices in V are severely restricted. Unfortunately, these hypotheses are rarely satisfied when V is absolutely irreducible over Q. But there are many examples where the ring End G ( V) is an imaginary quadratic field or a definite quaternion algebra. These representations allow us to construct some of the Mordell-Weillattices considered by Elkies and Shioda, as well as some interesting even unimodular lattices that do not seem to come from the theory of elliptic curves.
This paper began as an attempt to understand the Euclidean lattices that were recently constructed (using the theory of elliptic curves) by Elkies [E] and Shioda [Sh I, Sh2] , from the point of view of group representations. The main idea appears in a note of Thompson [Th2] : if one makes strong irreducibility hypotheses on a rational representation V of a finite group G, then the G-stable Euclidean lattices in V are severely restricted. Unfortunately, these hypotheses are rarely satisfied when V is absolutely irreducible over Q. But there are many examples where the ring End G ( V) is an imaginary quadratic field or a definite quaternion algebra. These representations allow us to construct some of the Mordell-Weillattices considered by Elkies and Shioda, as well as some interesting even unimodular lattices that do not seem to come from the theory of elliptic curves.
In § I we discuss lattices and Hermitian forms on T/, and in § §2-4 the strong irreducibility hypotheses we wish to make. In § 5 we show how our hypotheses imply the existence of a finite number (up to isomorphism) of Euclidean Z[G]-lattices L in V with EndG (L) a maximal order in EndG (V) . We give some examples with dim V :5 8 in §6, and in § §7-9 discuss the invariants of L, such as the dual lattice and theta function. The rest of the paper is devoted to examples: in most, G is a finite group of Lie type and V is obtained as an irreducible summand of the Weil representation of G.
Some of the representation theoretic problems left open by this paper are: to find all examples of pairs (G, V) satisfying the strong irreducibility hypotheses of § §2-4, and to determine the invariants (shortest nonzero vector, theta function, Thompson series, ... ) of the G-Iattices L so effortlessly constructed inside V.
I. LATTICES AND HERMITIAN FORMS
In this section, we establish the notation that will be used throughout the paper. Let G be a finite group of order g. Elements of G will be denoted s, t , .... Let V be a finite-dimensional rational vector space that affords a linear representation of Gover Q. We view elements of G as linear operators acting on the right of V, and so have the formula: v S / = (v s / for v E V and s, t E G. Let x(s) = Tracev(s) be the character of V. Let K = End G ( V) be the commuting algebra of G in End ( V) , which consists of all Q-linear transformations a: V -+ V which satisfy a(v s ) = a(v)s for all v E V and S E G. We view V as a left K-module. Recall that an order R in the Q-algebra K is a subring that is free of rank = dimQ (K) as a Z-module and satisfies R ® Q = K. By definition, a lattice L in V is a free Z-submodule of rank = dimQ (V) which satisfies L®Q = V. We say that L is an RG-Iattice in V if it is stable under left multiplication by R and the right action of G.
If Lo is any lattice in V, then (1.1)
sEG is an RG-Iattice. By an ideal a of R we will always mean a two-sided, nonzero ideal; we say a is maximal if there are no two-sided ideals b which satisfy
If L is an RG-Iattice, then so is aL = {av : a E a, vEL} .
Let a ...... a be a fixed anti-involution of the Q-algebra K (so a + P = a + P and ap = pa). A K-Hermitian form 'I' on V is a Q-bilinear pairing 'I' : We say 'I' is nondegenerate if the map V -+ HomK (V, K) given by w ...... 'I' (v ,w) is an isomorphism of Q-vector spaces. We say that 'I' is G-invariant if rp(v s , w s ) = rp (v, w) for all v, W E V and all S E G. If '1'0 is a K-Hermitian form on V, the sum (1.3) rp(v, w) = L rpo(v s , w s ) sEG is G-invariant.
fw(v) =
Let R be an order in K with R = R, and let L be an RG-Iattice in V. If 'I' is a nondegenerate, G-invariant Hermitian form on V, the Hermitian dual (1.4) L~ = {w E V: rp (L, w) E R} = {v E V: rp(v, L) E 
R}
is also an RG-Iattice in V.
IRREDUCIBILITY OVER R
In this section, we consider the representation of G on the real vector space V ® R. Recall that a symmetric bilinear form on V ® R is a bilinear pairing forms, there is an element a E Q: such that q/ = arp. Both rp and rp'
give G-isomorphisms from V to HomK (V, K) , so by Schur's lemma we have rp (v, w) = rp '(v, aw) for some a E K* = AutG (V) . Using the fact that the forms are both Hermitian, we find rp '(v, aw) = rp '(av, w) which implies that a E Q* . Hence rp' = arp , and we must have a > 0 if both forms are positive definite.
If rp is a Hermitian, G-invariant, positive-definite form on V, we define { rp (v,w) K=Q, (2.4) (v,w}=TrK/Qrp(v,w)= rp(v,w)+rp(w,v) K=lQ.
This is a positive-definite G-invariant symmetric bilinear form on V, and the map rp 1-+ ( , ) is a bijection between the two Q: cones of dimension one. If ~ E K satisfies TrK/Q(~) = 0, the form TrK /Q(v, ~w) is G-invariant and alternating. We obtain, in this manner, the vector space of G-invariant alternating forms on V, which has dimension = dimQ (K) -1 = 0, 1 , or 3.
IRREDUCIBILITY (MODULO p)
We continue with the assumptions of the previous section, so V ® R is irreducible, and K is either Q, imaginary quadratic, or a definite quaternion algebra. Let R be a maximal order in K , which is unique except in the quaternionic case. If p is a maximal (two-sided) ideal of R, then p contains pR for a unique rational prime p. In fact, either p = pR or p. p = pR. If p2 = pR we say that p is a ramified prime; the set of ramified primes is finite, and nonempty when K =I Q. For any maximal p the quotient ring kp = RjpR is a simple ZjpZ-algebra, isomorphic either to F p ' Fp2. or the ring M 2 (F p ) of 2 x 2 matrices over the prime field.
Let L be an RG-Iattice in V, and p a maximal ideal of R. We define the reduced representation:
This depends on the choice of lattice L, although it does not appear in our notation. We say v;, is irreducible over kp if there are no nontrivial kp -sub modules that are stable under the right action of G. Proof. Let ~ be a nontrivial kp G-submodule of v;,
Hence M is not of the form aL, and (2) ~ (1) . Now assume ~ is irreducible for all l', and let M be an RG-Iattice in V. as the obstruction would be a quatemion algebra split at all finite primes, and therefore globally split. Hence X = VI is the character of a rational representation V. It is clearly globally irreducible with End G ( V) = Q.
(2) The same argument shows that VI is the character of a representation W of Gover Q( VI) = K. Viewing W as a rational representation V of G with EndG (V) 39] . But when Q(VI) = Q we have e(VI) = 1 or 2 by the Brauer-Speiser theorem (cf. [Fl, §2] ), so e(VI) = 2 and X = 2V1 is the character of a rational representation V of G with End G ( V) = K a definite quatemion algebra. V is clearly globally irreducible. 
Then L~ is an RG-Iattice, so by Proposition 3.2 L~ = aL for a fractional ideal a of R which depends on rp. We now show that rp may be chosen so that a is the product of certain ramified primes p in R. Proof. Let rpo be any G-invariant positive-definite Hermitian form on V. Then L~o = aL with a a fractional ideal; since rpo is Hermitian: a = Q.
Hence a = TI pES P • a . R, with S a subset of the ramified primes and a E Q: . Note 5.3. In fact, the set S in Proposition 5.2 depends only on the local representations V ® Q p at primes p which ramify in R : pR = p2. In §7 we will show how the question of whether p is in S can often be answered by a consideration of the reduced representation v;, over k p • If L is any RG lattice in V, we give it a Hermitian structure using the form qJ uniquely defined by Proposition 5.2 and a Euclidean structure using the bilinear form (v, w) = Tr K / Q qJ(v, w) . Let C I (R) be the two-sided class group of R: this is the quotient of the group of two-sided fractional ideals of R by the subgroup of two-sided principal ideals aR, with a E K* normalizing R. The group C/(R) is finite in all cases; when K = Q it is trivial and when K is quatemionic it is an elementary abelian two-group [V, Chapter III, §5] . The group G' = G>4 (r) acts on V with EndG,(V) = Q. Hence G' stabilizes a one-dimensional space of symmetric bilinear forms, which is exactly the space stabilized by the subgroup G. Hence r is an isometry of ( , ) L • 
EXAMPLES IN LOW DIMENSION
We now give some simple examples of globally irreducible faithful representations V of finite groups G. In each case the class group of R is trivial (and all maximal orders are conjugate in K) so we obtain a unique
The simplest examples are obtained by taking V = K and G a subgroup of R* which does not lie in a proper Q-subspace of K. Unfortunately, this puts a severe restriction on the field K; the only possibilities are K = Q, Q(P4) ,Q(P6) and the definite quatemion algebras ramified at {2, oo} and {3, oo}. When K = Q the group G has order 1 or 2 and L is the A I-root lattice. When K = Q(.u 4 ) the group G is cyclic of order 4 and L is the Al x AI-root lattice. When K = Q(P6) the group G is cyclic of order 3 or 6 and L is the A 2 -root lattice. When K is the quatemion algebra ramified at {2,00} we have R* ~ SL 2 (3) of order 24, which contains the quatemion group of order 8 as a normal subgroup. Both act globally irreducibly on K, and the stable lattice is the D 4 -root lattice of Hurwitz quatemions. When K is the quatemion algebra ramified at {3, oo} we have G = R* = 8 3 of order 12.
The stable lattice L is the A2 x A 2 -root lattice.
Examples where dim K We have AutC<X) = G; for a more detailed description of L due to Serre, see [Ma, .
RAMIFIED PRIMES
To make Proposition 5.2 more precise, we wish to determine the subset S of ramified primes which occurs. Let p be a ramified prime in R. The residue field Rip = kp is isomorphic to Fp or Fp2' and the canonical anti-involution of R gives an involution of kp (which is trivial when kp = Fp and x ~ x p
(2) If p is in S, there is a nondegenerate G-invariant, strictly alternating, kp -bilinear form rp p: v., x v., ---7 kp .
Proof. (1) In this case, the Hermitian for rp on V gives a nondegenerate pairing
(2) In this case, let 1t be a uniformizing parameter in R p ' so 1tRp = pRp . Then the form rp': Lp x Lp ---7 Rp defined by rp '(v, w) = rp (v, w) . 1t is Zpbilinear and nondegenerate; its reduction is the form rpp' Clearly rpp is k plinear in the first argument, so it suffices to show that rpp (v, v) 
We can make a simple hypothesis on v., which assures that the situations (1) and (2) Proof. If kp = F p2 our hypothesis implies that v., is not isomorphic to its conjugate representation V:. Hence v., either has a nondegenerate Hermitian form or a nondegenerate symplectic form, but not both. For one identifies the dual HomG(v." kp) with V:' and the other identifies the dual with v.,.
If kp = F p , our hypothesis implies that the space of bilinear forms on V has dimension = 1 = dim HomG(v., , v.,). If p > 2, we cannot have both nondegenerate symmetric and alternating forms on v.,.
Note 7.3. When kp = F 2 , the symmetric form rpp on v., constructed in (1) is strictly alternating once dim v., > 1. For lev) = rpp (v, v) gives a G-invariant linear form on v.,.
We end this section with some elementary remarks on the dimension of V over Q. If V has dimension one then K = Q and L is isomorphic to Z.
then S is empty and L~ = L. 
quadratic with odd discriminant N == 3 (mod 4) .
THE DUAL LATTICE
We henceforth assume dim V > 1 , to exclude trivial cases. Let ( , ) = Tr rp be the canonical positive-definite bilinear form on an RG-Iattice L in V. We define the (Euclidean) dual lattice by
This is equal to L' when R = Z, but is a larger RG-Iattice in V when R has ramified primes.
Recall that the inverse different 9-1 of R is the largest fractional ideal on which the trace takes integral values:
The integral ideal 9 is divisible precisely by the ramified primes p of R; we have ord p (9) = I except when K is imaginary quadratic and p2 = 2R, when ord p (9) = 2 or 3. We say R is tamely ramified when 9 is SQuarefree.
To show ( , ) is even, we must show that (v, v) 
If K = Q this was proved in Proposition 7.4 (1) (under the assumption that dim V> 1). If K =F Q we have (v, v) = 2rp (v, v) , so we must show rp (v, v (v, v) 
If L = EB7=1 Ze j , we define the positive integer
This is independent of the basis chosen, and we have det Proof. The hypothesis of tame ramification implies that
The identification of the bilinear forms follows from the fact that 91 p is the reduction of 91.
9 . THETA SERIES In this section, we assume R is tamely ramified, for simplicity. Let n be the integral ideal I1p ~ S P of R, and let N be the positive integral generator of the ideal n· Ii .
We have seen in §7 that the assumption dim V > 1 implies dim V == 0 (mod 2). Write dim V = 2k . If k is even, let e be the trivial character of the group (Z/NZ)* . If k is odd, then by Proposition 7.1 (2),we have K imaginary quadratic of discriminant = -N . Let e be the quadratic character of (Z/ NZ)* associated to the extension K: e(l) = + 1 iff the prime I splits in K.
If L is an RG-Iattice in V, we define its theta series by
where r is in the upper half-plane, q = e 27tir , and 
Proof. This follows from the results in §8 and the formulae in [Sch] . We omit the details.
We note that the level, weight, and character of ()L depend only on the representation V of G, and not on the RG-Iattice L chosen. Hence the sum
, is a modular form of the same type.
More generally, for n ~ 0 let y 2n (L) denote the permutation representation of G on the finite set L 2n • Then the Thompson series { rL= LY2n (L) .qn, 
EXAMPLES WHEN
Unfortunately, this section is rather short. We have seen that if V is a globally irreducible representation of G with dim V> 1 and Proof. Let 'II be the complex character of a 1-discrete series representation of G, which has dimension (p -1 )/2 and Q( 'II) = K [Hu] . At an unramified prime of R, the reduction of 'II is an irreducible Brauer character: in fact, its restriction to a Borel subgroup B = {(~ a~l)} of SL 2 (p) remains absolutely irreducible! This follows from the fact that the restriction of 'II to the Lemma 11.3. The group G' = PGL 2 (P) = G )<I ('r) with 'l" = ((/ n acts Qlinearly on V, and the involution 'l" acts K -antilinearly. Proof. Indeed, V is the representation space for the discrete series representation of GL 2 (P) , corresponding to a quartic character of the nonsplit torus.
Since this is absolutely irreducible, End G , (V) = Q and 'l" acts antilinearly on
From Proposition 11.2 and Lemma 11.3 we see that there are exactly h 
with G-invariant Hermitian form:
In particular, taking a = (n), so i(a) = (1 -C p )(P-l)/2Z [C p where Ea is written as a * E).
We now define the Mordell-Weillattice:
where Hom means homomorphisms of abelian varieties over F p. This is the group of points, modulo torsion, on the elliptic curve E a over the global function field of X. It is clearly an R = End(Ea) and G ~ Aut(X) module, and has the invariant Hermitian form (11.10)
where tw: Ea -+ J x is the dual homomorphism, and Ea and J x are identified with their dual varieties via the standard principal polarizations. Proof. We first consider the representation of G on the rational vector space V' = Ma ® Q, and claim that V' ::::: V. Indeed, (V' )G = 0 and EndG (V' ) contains K , so it suffices to show dim V' = p -1 (by the unicity of V). This follows from Tate's theorem [Tal] on isogenies of abelian varieties over fields, as one has F} = -p in End(J x ) and Fi = -p in End(E) by Lemma 11.8. (v, v) = (p+ 1)/2, so the abstract estimate in Corollary 11.12 is best possible. These maps come from the obvious covering of E* by x* , discussed in the proof of Proposition 11.11, and form two orbits under the action of G (each with stabilizer the normalizer of a nonsplit torus).
Note 11.14. The fact that the reduction v;, of V at the ramified prime p of K is isomorphic to the representation Sym(P-3)/2 U 2 can be deduced easily from Proposition 11.11. Indeed, v;, is just the representation of G on the holomorphic differentials on X; since these have as basis the differentials (dy, xdy, x 2 dy, ... , X(P-3)/2 dy) , we obtain the representation Sym(p-3)/2 U 2 of G as claimed.
EXAMPLES WHEN K = HAMILTON'S QUATERNIONS: THE BARNES-WALL LATTICES
In this section K is the division ring of Hamilton's quatemions, with the usual relations i 2 = / = -1 and ij = -ji = k. The maximal orders in K are all conjugate to the Hurwitz order
The ring R has class number 1; its unique ramified ideal p is principal, generated by 1l = (1 + i). The unit group
has order 24, with normal subgroup Hs = (±l, ±i, ±j, ±k ) the quaternion group of order 8.
For each globally irreducible representation V of a finite group G with EndG(V) = K, we obtain, by the theory in § §1-5, a unique RG-Hermitian lattice L up to isomorphism. There are only two possibilities for the dual lattice, by Proposition 8.6: When n = 1, 1.' is the quatemion group and Aut(A) is isomorphic to S4. Proof. Everything has been proved except the irreducibility of v;,. Consider the semisimplification of the reduction of the character 'II (mod 2). This has dimension 2 n over F 2 ; since A is a 2-group it acts trivially, and we obtain a semisimple representation of the quotient Q~n(2) with character
The group Aut+(A) is isomorphic to
o otherwlse .
The irreducible modules of Q~n (2) Let T be a maximal torus in Q2n ,and let e l ' ... ,en be the standard characters of T. From the formula for the character 'II on Q~n (2) , one concludes that the 2 n characters of T which occur in the corresponding semisimple representation of Q2n are precisely those of the form: ! E7=, ±e j • But these characters break up into exactly two orbits for the Weyl group W = N(T)jT, each of size 2 n + 1 corresponding to the semi-spinorial representations of Q2n with highest weights (J)n_1 and (J)n [B, §13.4] . When restricted to Q~n(2) these give irreducible conjugate representations of dimension 2 n -1 over F 4 , so we have the congruence'll == P + / (mod2) with P absolutely irreducible and F 2 C!) = F 4' Hence v;, is irreducible, and A acts trivially on it (the subspace FpA, which is nontrivial, is G-stable).
When n is odd the dual of one semi-spinorial representation is the other «(J)~_I = (J)n) and when n is even the semispin representations are self-dual 
When n = 1, L is the D 4 -lattice, and when n = 2, L is the Eg-Iattice.
Proposition 12.9. For all n ~ the Euclidean lattice L is isomorphic to the Barnes-Wall lattice BW 2 "+, .
Proof. The Barnes-Wall lattices BW m for m = 2k ~ 4 are defined in [CS, Chapter 5, §6.5, Chapter 8, §8 .2f]; one has BW 4 = D4 and BWg = Eg so we may assume n ~ 3 in Proposition 12.9. Then BW2"+' has automorphism group 2~+(2n+2)Q;n+2(2) [BE, Chapter II, [4] [5] [6] [7] [BE, VV] .
Note 12.11. Elkies has realized L as a sublattice, of finite index, in the MordellWeillattice:
where X is the hyperelliptic curve i + y = x q + 1 with q = 2 n and E is the supersingular elliptic curve u 2 + u = v 3 • L is generated by the coverings of E obtained by dividing X by a maximal elementary abelian 2-group in A C Aut F (X) which does not contain the center of A [VV, 9.3] . These Galois
covenngs ave egree .
Note 12.12. The lattice L(B*) discussed in 12.4 is not stable under the entire group G, but the lattice EBo L(B*) is G-stable.
EXAMPLES: THE WElL REPRESENTATION OF SP2n(q)
In this section, p is an odd prime and q = pl. Let A be a nondegenerate symplectic space of dimension 2n over the finite field F q , and let G = Sp(fi) = SP2n (q) be the symplectic group of A. Then the center of G has order 2, and is generated by the scalar transformation -1 A. The group G is a normal subgroup of the symplectic similitudes CSp(A), and conjugation by this larger group gives an outer automorphism T (of order 2) of G.
Fix a splitting A = B$B* , where Band B* are maximal isotropic subspaces of dimension n. We identify B* with the dual of B and, for b E Band A. E B* , write this pairing as (b, A.) in F q • The Heisenberg group
defines a central extension of A by F q = {( e, 0, On :
The commutator [a, a'] gives the symplectic form on A.
Fix a nontrivial character "': F; -+ C·. The Schrodinger representation W = W(",) of A (associated to "') is given by the following right action of A on the Q (C p ) vector space of functions on B* with values in Q(C p ) = Q(",):
It is the unique irreducible representation of A over Q (C p ) (or even over C) where the center acts by the character "', and we have dim W = qn .
The unicity of W shows that it pves rise to a projective representation of the group of automorphisms of A which act trivially on the center. This group contains G = Sp(A) , which is the subgroup centralizing the involution  -I A (e,).., b) = (e, -).., -b) . Hence G acts projectively on W over Q (C p ) .
Since H2(G, C'") = 0 (except in the case when n = 1 and q = 3 or 3 2 ) [K, §8.4] The Siegel parabolic P of G, which fixes the isotropic subspace 8, acts on W(",) as follows [Ge, (2. F; . If x E F; -F; ,the distinct G-modules W (",) and W ( "'x) are conjugate via the outer automorphism 1" of G .
(2) If a E F; we have an isomorphism of G-modules W("'a) = W (",t a , where (Ja is the automorphism of Q (C p ) which maps C p to C;. In particular. 
Proof. (I) We have (X, X) = (I, X· X) = 2, as G has 2 orbits on A. Hence the eigenspaces for -1 A in Ware absolutely irreducible: the even functions on B* give W+ of dimension (qn -1) /2. The action of -I A is given by (13.3), taking Q = -lB' (2) If q is a square, then any a in F; is a square in F:. Hence, by Lemma 13.4 (2), X is fixed by the automorphisms of Q(,p)' Since X+ and X-are not conjugate, they must also lie in Q. If q is not a square, the same argument shows that Q(X) is the unique quadratic field contained in Q(,p)'
We now determine the local behavior of the characters X± at all places of the field Q(X).
Proposition 13.6. Let p be a finite place of Q(X). (I) If p does not divide 2p, then the characters X± both have absolutely irreducible reduction (modp).
(2) If P divides 2, then X-has absolutely irreducible reduction (modp) and Proof. From (13.3), one sees that the restriction of x-to the Siegel parabolic P is irreducible in all characteristics =F p. Similarly, the restriction of X+ to P is the direct sum of the line of functions supported on 0 in B* , on which P acts via the character « det Q) / q) , with an irreducible representation. This decomposition is preserved by G only when I = 2: W+ has the smallest dimension of an irreducible representation with central character not equal to that of W- [LS] . This proves (1) and (2). Each weight occurs with multiplicity one in W, and occurs in W+ iff E a i == n«q -1)/2) (mod 2) . In particular,
is the highest dominant weight of W+ , and Proof. We use the criterion in Lemma 4.1 to see that the character X± is unobstructed at all places of Q(X±) = Q(X) not dividing p and 00 (X + is unobstructed at 2 as the irreducible pieces in its decomposition have multiplicity one and the same field of definition as X +) .
When q == 3 (mod 4) there is only one possible place p = (A) of K where X± can be obstructed. But any division algebra over K which splits outside p is globally split, by the Hasse reciprocity law. Hence the characters X± are unobstructed.
When q == 1 (mod4) the representation X+ can only be obstructed at p, so by the above argument is unobstructed. The representation X -is obstructed by a quaternion algebra, as e R (X -) = 2, and the ramification of this algebra can be determined from the number of real places or Q(X-) (it must ramify at an even number of places). License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use (2) V is the rational representation of G on V-of Corollary 13.7. We muse check that the reduction ~ is irreducible; in fact the argument in the proof of Proposition 13.6 (3) shows that we have an isomorphism of kp with F p2 such that ~ :::::: U _ ® U!. This representation is symplectic, as U _ and U+ are both self-dual, with opposite parity.
Combining Proposition 13.8 with our basic construction of Hermitian RGlattices, we obtain the following:
Corollary 13.9. If p == 3 (mod 4) there are, up to isomorphism, h = h(-p)
p). These lattices have invariants
When n = 1 these are Hecke's lattices, constructed in § 11. In general, they are indexed canonically by elements of the class group of R, as the larger group G' = G><I (or), where or is the similitude with matrix (-r}"~")' acts Q-linearly on V. (L) = R. These lattices have invariants:
We note that the sum over the conjugacy classes of maximal orders R in K of the weighted class numbers:
2 for all but possibly 2 maximal orders, we have constructed about
The unimodular lattices constructed in 13.9 are among the unimodular lattices constructed in 13.10. Indeed, the restriction of the Weil representation of SP4n(P) to the subgroup SP2n(p2) stabilizing an F p 2-linear structure on A, is the Weil representation of SP2n(/)' We obtain the unimodular lattices L of rank /n -1 which are associated to those maximal orders R in the quaternion division algebra which contain the maximal order Z+ Z«I + A)j2) of Q(A). These special lattices have automorphisms by SP4n(P) commuting with A; I do not know their automorphism groups over Z.
For example, take n = 1 and p = 3. The unique lattice constructed is the Es-Iattice, with automorphisms by SP4(3) commuting with R. When p = 7 the unique lattice constructed has rank 48, automorphisms by SP4 (7) commuting with R, and shortest vector v satisfying (v, v) I know of no good model for the unimodular lattices with automorphisms by SP2n(p2) (or SP4n(P)) once n > 1. In particular, I have no estimate for their shortest vectors.
EXAMPLES: THE UNIPOTENT CUSPIDAL REPRESENTATION OF PU 3 (q)
In this section, p is an arbitrary prime number and q = pl. We let G be the finite group PU 3 (q), the projective unitary group of a nondegenerate Hermitian form in 3-variables over F q2. The group G has order = (l + l)(l)(q2 -1) acts 2-transitively on the set of l + 1 isotropic lines.
It acts by algebraic automorphisms of the Fermat curve X with equation We let 'II denote the character of the irreducible cuspidal unipotent representation, of dimension q( q -1) , of Gover C rCa, § 13.7] . Then Q( 'II) = Q, and for all I =f p a model for the representation with character 'II over Q/ is given by the action of G on the etale cohomology H'(X, Q/) of the Fermat curve over an algebraically closed field of characteristic p [HM] . It is known that e R (IfI) = 2; this follows from the Frobenius-Schur criterion, as G fixes the alternating form on H'(X) (cf. [L, Proposition 7.6] ' E) . We have rp(v, v) = degv where v: X -E is the associated covering. Since X has p3 + 1 points over Fp2, and E has (p + 1)2 points over F p2 , we have the estimate (14.7) (v,v}~2(P-l) for all v t-0 in L. When p = 2, L is therefore isomorphic to the D 4 -lattice, and when p = 3, L is isomorphic to the Coxeter-Todd lattice of rank 12.
When q = p2 , the natural Hermitian form rp (v, w) = vo1w on Hom(J x ' E) gives a bilinear form with determinant p2 q (q-l) = prank (L) . Hence the form giving a unimodular L is equal to rp / p, which takes values in p -I R . In particular, rp (v, v) /p is integral, so the degree of any covering v: X -E is divisible by p! Counting points as above, we find (14.8) (v, v) 
for all v t-0 in L, where ( , ) is the pairing under which L * = L is unimodular. When p = 2, L is the Leech lattice of rank 24. For q = pI arbitrary, one can consider the Mordell-Weillattice of (14.6); this has an action of G = PU 3 (q) through its unipotent cuspidal representation, but the reduction is not irreducible at ponce / ~ 3. The conjecture of Birch and Swinnerton-Dyer for the elliptic curve E over the function field k = Fq2(X) , which in this case is a theorem due to Tate [Ta2] and Milne [M] , gives the identity: (14.9) detL· # JJl(E/k) = qP(P-I) , where detL is calculated for the Euclidean structure (v, w) 
